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Naturally occurring Symbolic Data -- Mushrooms

w, | opecles | Pileus Cap Width Stipe Length Stipe Thickness Edibility
wy | arorae 3.0, 8.0] 4.0, 9.0] 0.50, 2.50] 9]
wo | arvenis 6.0, 21.0] 4.0, 14.0] 1.00, 3.50] Y
wy | Bewest 4.0, 8.0] 50, 110]  [1.00, 2.00] y
wy | bernandii 7.0, 6.0] 4.0, 7.0] 3.00, 4.50) y
ws | bisporus 5.0, 12.0 2.0, 5.0] 1.50, 2.50] Y
ws | bitorquis 5.0, 15.0 4.0, 10.0] 2.00, 4.00] Y
wr | califorinus 4.0, 11.0 3.0, 7.0] 0.40, 1.00] T




Patient Records — Single Hospital, Cardiology

Patient Hospital Age Smoker ....
Patient 1 Fontaines 74 heavy
Patient 2 Fontaines 78 light
Patient 3 Beaune 69 no
Patient 4 Beaune 73 heavy
Patient 5 Beaune 80 light
Patient 6 Fontaines 70 heavy
Fontaines

Patient 7

82

heavy




Patient Records by Hospital -- aggregate over patients

Result: Symbolic Data

Patient Hospital Age Smoker
Patient 1 Fontaines 74 heavy
Patient 2 Fontaines 78 light
Patient 3 Beaune 69 no
Patient 4 Beaune 73 heavy
Patient 5 Beaune 80 light
Patient 6 Fontaines 70 heavy
Patient 7 Fontaines 82 heavy

Hospital Age Smoker

Fontaines [70, 82] {light %, heavy %}

Beaune

[69, 80]

{no, light, heavy}




Histogram-valued Data --

Weight by Age Distribution:
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Logical dependency rule

Eg. Y,=age Y, = # children

Classical: Y, = (10, 0), Y, = (20, 2), Y. = (18, 1)

Aggregation —
Symbolic: & =(10,20) x (0,1, 2)

2

1 —
0

10 20

l.e., & implies classical Y, = (10, 2) is possible
Need rule v:{If Y, <15, thenY, =0}



Interval-valued data

u Y, Y, u Y, Y,
Team # At-Bats # Hits Team # At-Bats # Hits
1 (289, 538) (75, 162) 11 (212, 492) (57, 151)
2 (88, 422) (49, 149) 12 (177, 245) (189, 238)
3 (189, 223) (201, 254) 13 (342, 614) (121, 206)
4 (184, 476) (46, 148) 14 (120, 439) (35, 102)
5 (283, 447) (86, 115) 15 (80, 468) (55, 115)
6 (24, 26) (133, 141) 16 (75, 110) (75, 110)
7 (168, 445) (37, 135) 17 (116, 557) (95, 163)
8 (123, 148) (137, 148) 18 (197, 507) (52, 53)
9 (256, 510) (78, 124) 19 (167, 203) (48, 232)
10 (101, 126) (101, 132)
£(2): Y, =149 not possible when Y, <149




&(2)

Observation

Y2 = OLYl

........... gk
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Dependencies between Variables — Interval-valued Variables
E.g., Regression Analysis
Dependent variable: Y =(Y,, -, Y,), eg.,0=1
Predictor/regression variable: X = (X, -+, X))
Multiple regression model:
Y=8,+8, X+ +B,X +e

Error: e ~ E(e)=0, Var(E) = 02, Cov(e;, )= 0, i k.



Multiple Regression Model: Y =5 + (3 X, + -+ [ X +e

In vector terms,
Y=X3+e

Observation matrix: Y = (Y, -+, Y,)

1 X11 - Xip
Design matrix: X — : : :
Regression coefficient matrix: 3 = (8., 8,, =+, 3,)

Error matrix: €' = (e, -+, €,)



Model: Y=Xfg+e

Least squares estimator of 3 is

A

B = XX)XY

When p=1,
5, = SXi-Di-V) _ Co(X, V)
Y (X — X)? Var(X)
fo = ¥-BX
where



Model: Y =3 +p3 X+ +[ X +e

Or, write as
Y -Y=01(X1—X1)+...+68p(Xp—Xp) +e
_ 1
Xj=223 X i=1,....p

i—1
Bo=Y —(B1X1+ .-+ BpXp)

Then,



Y —Y =01(X1 —X1)+ ...+ 6p(Xp—Xp) +e
Least squares estimator of 3 is
B=[(X"X)(X~ X)] (X~ X) (¥~ ¥)
where

(X -X)(X -X) =

( > (X1 ;X1>2 o Z(Xy —X1>(Xp—5<p>)

Z(Xp_Xp.)(Xl - X1) - Z(Xp._X'p)2

(Z(le — X ) (X, — ng)) : j1,32=1,---,p
i

(X-X)(Y-Y)= (Z(Xj - X;) (Y — 7)) J=1,---,p



Interval-valued data:

YUJ:[auj,buj],sz...,p, UEEZ{V\ﬁ_ W Wi

Bertrand and Goupil (2000):
Symbolic sample mean is
— 1
Yi=— X (byj +ai)
J 2m UeE J J

Symbolic sample variance is

,=3— > O +ba,+a)—[ 3 (b, +a,)F

2
uek 4m uek

Notice, e.g., m=1, Y = Weight
Y, =[132,138] -» Y =135 S°=3
1 1

Y =135, S%2=12
Y,=[129, 141] » 3 )



Can rewrite

2 1 7 \2 va va — 2
S7 =52 [(ay —Y))" +(ay —¥)(0 V) +(By —¥))’]
uek
Then, by analogy, for j = 1,2, for interval-valued variables Y, and Y,

empirical covariance function Cov(Y,, Y,) is
1
Cov(ty,Yo) =2 3 GiGIQQ]"

uek
Qj = (ayj ~¥;)* + (2 ~Vj)(by ~ V) + (b -Vj)°
G, - -1, ?f \@jsvj,

1 If Yuj >Yj,
Yy = (agj +1yj) /2.

Notice, special cases: (i) Cov(Yy,Yy) = Sf
(i) Ifa;=b, =y, forallu, ie., classical data,

1 _ _
Cov(Yy,Yy) = Hz(h - Y1)(y2 —Y2)



Back to Bertrand and Goupil (2000)

Sample variance is

J=3— Z (0% +b, %+au,)—4 Z[LEE (8 +b,)I°

This is total variance.

Take Total Sum of Squares = Total SS j= mSJ2

Then, we can show

Total SSj = Within Objects SS; + Between Objects SS;

where



2=t 3 [l )+ ¥ty ;) + g Y,

uek

1 _ _ _ _
Within Objects 3 =2 % [(ay; Vi) + (8 — Vi) by = Vo) + (b —V4)°]

uek
Between Objects SSJ- = Z [(auj +buj)/2—Y_j]2
uek
with _ — 1
Yuj :(auj+buj)/2, Yj 22— (auj+buj).

m

uek
Classical data: ayj = byj = Yy

— Within Objects SS; =0



So, for Y;, we have Sum of Squares SS,

Total SSj = Within Objects SS; + Between Objects SS;

Likewise,

for (Y;, Y;), we have Sum of Products SP

Total SP,J- = Within Objects SP,J- + Between Objects SP,J-



Can rewrite

2 1 7 \2 va va — 2
S7 =52 [(ay —Y))" +(ay —¥)(0 V) +(By —¥))’]
uek
Then, by analogy, for j = 1,2, for interval-valued variables Y, and Y,

empirical covariance function Cov(Y,, Y,) IS

Cov(¥y,Y7) =3im Y GIGIIQQ?

uek
Q) =(ay ~Vj)* +(ay ~ V)b —Vj) + (b =Vj)°
-1, if Y <Y,
L if Yy >,
Yy = (agj +1yj) /2.

Gj=



Can rewrite

2 1 7 \2 va va — 2
S7 =52 [(ay —Y))" +(ay —¥)(0 V) +(By —¥))’]
uek
Then, by analogy, for j = 1,2, for interval-valued variables Y, and Y,

empirical covariance function Cov(Y,, Y,) is

Cou(ty ) === 3" GGIQQ, T2

uek
Qj = (ayj ~¥;)* + (2 ~Vj)(by ~ V) + (b -Vj)°
G, - -1, ?f \E”-SYJ-,

1 If Yuj >Yj,

Yy = (agj +1yj) /2.
(Total)SP part can be replaced by

TmmSP:=%Xﬂﬂa—?XOaX%¥@—?Xd—X}%@—YXO—X)

+2(b—Y)(d - X)]



How Is this obtained?

Recall that for a Uniform distribution,

Y ~U(a,b), Var(y) = 72"

By analogy, we can show, for u=1,...,m observations,

1 m

12 u=1

m b _ d _
Between SP = Y (au +u _ Y1> (C“ L Y2>

— 2 2

u=1
where

Y1 = [aua bu]7 Yo = [Cu, dU]

-2 ()

1
m
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Between SP

Hence, from
Total SP = Within SP + Between SP
1 _ _ _ _
s > [2(au —Y1)(c=Y5) + (a—Y7)(d - Y?)
u=1

+(b—-Y1)(c—Y)+2(b—Y7)(d - Y2)]



Y X1 X2

Pulse Systolic Diastolic
u Rate Pressure Pressure
1 [44, 68] [90, 110] 50, 70]
2 [60, 72] [90, 130] [70, 90]
3 [56, 90] [140, 180] [90, 100]
4 [70, 112] [110, 142] [80, 108]
5 [54, 72] [90, 100] [50, 70]
6 [70, 100] [134, 142] [80, 110]
7 [72, 100] [130, 160] [76, 90]
8 [76, 98] [110, 190] [70, 110]
9 [86, 96] [138, 180] [90, 110]
10 [86, 100] [110, 150] [78, 100]
11 [63, 75] [60, 100] [140, 150]

Rule: X2 = Diastolic Pressure < Systolic Pressure = X1




Fulse Rate
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The regression equation becomes,

for
Y = Pulse Rate, X1 = Systolic Pressure
Y =25.228 + 0.410X1
Y = 709.1 X = 131.5
Std Devn(Y) =14.692 Std Devn(X1) = 26.013

Cov(Y, X1) = 277.217 rho(Y, X1) = 0.725



Y = Pulse Rate, X1 = Systolic Pressure

Y =25.228 + 0.410X1

Prediction

—~

Yu = [aulag’u,l]

with
a = 25.228 + 0.410a,>

Ayl —

b,1 = 25.228 + 0.410b,,5



Pulse Rate
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Pulse Rate
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Pulse Rate
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Pulse Rate
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Predicted Pulse Rates and Residuals

Observed (Y, X1) Predicted Y Residuals

u Pulse Rate Systolic Gu by Res, Res;

1 [44,68] [90,100] | [62.099, 66.1%]| [18.099, 1.805]
> [60,72]  [90,130] | [62.0909, 78.485]| [2.099, -6.486]
3 [56,90] [140,180]| [82582, 98.969]| [26.582, -8.969]
4 [70,112] [110,142]| [0.292, 83.402]| [0.292, 28.599]
5  [54,72]  [90,100] | [62.099, 66.19%5]| [8.099, 5.805]
6 [70,100] [130,160]| [78.486, 90.776]| [8.486, 9.224]
7 [72,100] [130,160]| [78.486, 90.776]| [6.486, 9.224]
8  [76,98] [110,190]| [70.292, 103.066] [5708, -5.066]
9O  [86,96] [138,180]| [81.763, 98.960]| [4237,  2.969]
10 [86,100] [110,150]| [70.292, 86.679]| [15.708, 13.321]

Y. = Pulse Rate = [ay, by]
Y. = Predicted Pulse Rate = [au, bu]
Residual = [Resq, Res]



Sum of Residuals for Symbolic Fit

Sum of Min Residuals ¥, Res, = -44.488
Sum of Max Residuals X~ Res, = 44.488

Sum of Squared Residuals for Symbolic Fit

Sum of Min Squared Residuals = 1515.592
Sum of Max Squared Residuals = 1359.434



Classical Regression on Midpoints

Y’Lf = (ay1+by41)/2, X](':u — (auj_l'buj)/Qa

— Y¢ = 28.322 + 0.386 X1
= [af, b°]

a$ = 28.322 + 0.386a,5
by = 28.322 4 0.386b,,5

1,2



Pulse Rate
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Pulse Rate
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Comparison of Regression Fits

Sum of Residuals for Symbolic Fit
Sum of Min Residuals = -44.488
Sum of Max Residuals = 44.48

Sum of Squared Residuals for Symbolic Fit
Sum of Min Squared Residuals = 1515.592
Sum of Max Squared Residuals = 1359.434

Sum of Residuals for Classical Fit
Sum of Min Residuals = -48.652
Sum of Max Residuals = 48.652

Sum of Squared Residuals for Classical Fit
Sum of Min Squared Residuals = 1544.889
Sum of Max Squared Residuals = 1364.639



Centers and Range Regression

DeCarvalho, Lima Neto, Tenorio, Freire, ... (2004, 2005, ...)
Midpoint: Y¢=(a+ b)/2, X°¢=(c+d)/2

Range: Y'=(b-a)/2, X"'=(d-c)/2

28.322 4+ 0.386X°¢
25.444 — 0.05875X"

YC
Y’I“



Centers and Range Regression

DeCarvalho, Lima Neto, Tenorio, Freire, ... (2004, 2005, ...)

Midpoint: Y¢ = (a + b)/2, X¢=(c+d)2
Range: Y'=(b-a)/2, X'=(d-c)/2
Y¢ = 28.322+40.386X°

Y" = 25.444 —0.05875X"

@)

31.788 4 0.3300X§ 4+ 0.111X7
7.866 + 0.170X§ + —0.194 X7

*i) =)



Centers and Range Regression --Predictions

Obs
Y

Single
[YCLaYb]

Multiple
[Yaa Yb]

OO ~NOOPWNH

10

44,68
60,72]
56,90]
[70,112]
54,72
[70,100]
[72,100]
[76,98]
[86,96]
[86,100]

[52.572,77.439]
[59.230,82.365]
[78.537,101.672]
65.178,88.774]
52.572,77.439]
72.457,96.168]
72.457,96.168]
75.831,96.655]
[78.209,101.228
[66.953,90.087]

[53.195,75.299]
[63.089,81.937]
[75.334,102.695]
65.349,88.470]
53.195,75.299]
69.587,96.331]
69.587,96.331]
81.180,99.092]
[75.504,102.308
[67.987,90.241]

]




Symbolic Principal Components -- BATS

Y1=Head, Y2=Tail, Y3=Height, Y4=Forearm

Obs [Yla,Y1b] [Y2a,Y2b] [Y3a,Y3b] [Y4a,Y4b]

9 [47, 53] [43, 53] [7,9]  [37, 41]
10 [50, 69] [30,43]  [11,13] [51, 61]
11 [65, 80] [48,60] [12,16] [55, 68]
12 [82, 87] [46,57] [11,12] [58, 63]



Symbolic Principal Components -- BATS

Y1=Head, Y2=Tail,Y3=Height,Y4=Forearm

Obs PCla PC1b PC2a PC2b PC3a PC3b
1 45.276 62.471 11.935 22.006 -28.931 -10.135
2 b3.826 67.716 13.788 24.556 -24.948 -11.019
3 br.185 66.275 17.708 24.377 -22.581 -15.398
4 58.198 67.908 17.736 27.816 -21.7/39 -13.517
5 56421 71.418 11.433 23.055 -25.695 -12.063
6 61999 70.061 19.368 25.247 -17.330 -10.843
7 64941 74.123 14.485 19.875 -24.414 -15.651
38 62.968 80.264 22.096 36.217 -27.290 -10.011
9 66.990 77.698 23.402 33.956 -22.355 -12.302
10 72.282 94.342 6.237 21.763 -39.804 -138.374
11  90.753 112.874 18.529 34.738 -40.761 -21.056
12 99.870 110.547 21.800 32.763 -46.392 -37.047
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